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Abstract 

We investigate the fermionic condensate and the vacuum expectation values of the energy- 
momentum tensor for a massive spinor field in de Sitter spacetime with spatial topology 
R p x (S 1 ) 9 . Both cases of periodicity and antiperiodicity conditions along the compactified 
dimensions are considered. By using the Abel-Plana formula, the topological parts are 
explicitly extracted from the vacuum expectation values. In this way the renormalization is 
reduced to the renormalization procedure in uncompactified de Sitter spacetime. It is shown 
that in the uncompactified subspace the equation of state for the topological part of the 
energy-momentum tensor is of the cosmological constant type. Asymptotic behavior of the 
topological parts in the expectation values is investigated in the early and late stages of the 
cosmological expansion. In the limit when the comoving length of a compactified dimension is 
much smaller than the de Sitter curvature radius the topological part in the expectation value 
of the energy-momentum tensor coincides with the corresponding quantity for a massless 
field and is conformally related to the corresponding flat spacetime result. In this limit the 
topological part dominates the uncompactified de Sitter part. In the opposite limit, for a 
massive field the asymptotic behavior of the topological parts is damping oscillatory for both 
fermionic condensate and the energy-momentum tensor. 



1 Introduction 

In recent years much attention has been paid to the possibility that a universe could have non- 
trivial topology [U [2]. Many of high energy theories of fundamental physics are formulated 
in higher dimensional spacetimes and it is commonly assumed that the extra dimensions are 
compactified. In particular, the idea of compactified dimensions has been extensively used 
in supergravity and superstring theories. From an inflationary point of view universes with 
compact spatial dimensions, under certain conditions, should be considered a rule rather than an 
exception [3J. The models of a compact universe with non-trivial topology may play an important 
role by providing proper initial conditions for inflation (for physical motivations of considering 
compact universes see also [4]). There has been a large activity to search for signatures of non- 
trivial topology by identifying ghost images of galaxies, clusters or quasars. Recent progress in 
observations of the cosmic microwave background provides an alternative way to observe the 
topology of the universe [2]. If the scale of periodicity is close to the particle horizon scale then 
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the changed appearance of the microwave background sky pattern offers a sensitive probe of the 
topology. 

The compactification of spatial dimensions leads to a number of interesting quantum field 
theoretical effects which include instabilities in interacting field theories [5], topological mass 
generation [6l [TJ, [8] , symmetry breaking [3 [9]. In the case of non-trivial topology the boundary 
conditions imposed on fields give rise to the modification of the spectrum for vacuum fluctuations 
and, as a result, to the Casimir-type contributions in the vacuum expectation values of physical 
observables (for the topological Casimir effect and its role in cosmology see |10[ [TT] and references 
therein). Compactification of extra dimensions have moduli parameters which parametrize the 
size and the shape of the extra dimensions and the Casimir effect has been used to stabilize 
these moduli. The Casimir energy can also serve as a model for dark energy needed for the 
explanation of the present accelerated expansion of the universe (see [12J, [131 E] an d references 
therein). 

De Sitter (dS) spacetime is among the most important cosmological backgrounds. There 
are several physical motivations for this. In most inflationary models an approximately dS 
spacetime is employed to solve a number of problems in standard cosmology [15] . More recently 
astronomical observations of high redshift supernovae, galaxy clusters and cosmic microwave 
background [16] indicate that at the present epoch the universe is accelerating and can be well 
approximated by a world with a positive cosmological constant. If the universe would accelerate 
indefinitely, the standard cosmology would lead to an asymptotic dS universe. In addition to the 
above, an interesting topic which has received increasing attention is related to string-theoretical 
models of dS spacetime and inflation. Recently a number of constructions of metastable dS vacua 
within the framework of string theory are discussed (see, for instance, [171 [T8] and references 
therein). dS spacetime is the maximally symmetric solution of the Einstein equations with 
a positive cosmological constant and due to its high symmetry numerous physical problems 
are exactly solvable on this background. A better understanding of physical effects in this 
background could serve as a handle to deal with more complicated geometries. 

As it was argued in Refs. [19], there is no reason to believe that the version of dS spacetime 
which may emerge from string theory, will necessarily be the most familiar version with symmetry 
group 0(1,4) and there are many different topological spaces which can accept the dS metric 
locally. There are many reasons to expect that in string theory the most natural topology for 
the universe is that of a flat compact three-manifold. The quantum creation of the universe 
having toroidal spatial topology is discussed in [20] and in references |21j within the framework 
of various supergravity theories. The effect of the compactification of a single spatial dimension 
in dS spacetime (topology R D_1 x S 1 ) on the properties of quantum vacuum for a scalar field 
with general curvature coupling parameter and with periodicity condition along the compactified 
dimension is investigated in Ref. [22J (for quantum effects in braneworld models with dS spaces 
and in higher-dimensional brane models with compact internal spaces see, for instance, Refs. 
|23[ 124]). More general classes of the compactification with topology R p x (S 1 ) 9 in the case 
of scalar fields with both periodicity and antiperiodicity conditions are investigated in |25j . 
Note that for a scalar field on the background of uncompactified dS spacetime the renormalized 
vacuum expectation values of the field square and the energy-momentum tensor are investigated 
in Refs. [26[ [27] [28] (see also |29j). The corresponding effects upon phase transitions in an 
expanding universe are discussed in |30[ l3l] . Trace anomaly for higher spin fields in dS spacetime 
is considered in Ref. [32J. 

In the present paper, partly motivated by possible applications in supersymmetric theories, 
we investigate one-loop quantum effects for a fermionic field on background of 4-dimensional dS 
spacetime with spatial topology R p x (S 1 ) 9 . Among the most important quantities characterizing 
the properties of the fermionic vacuum are the fermionic condensate and the expectation value of 
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the energy-momentum tensor. Though the corresponding operators are local, due to the global 
nature of the vacuum, these quantities describe the global properties of the bulk and carry an 
important information about the topology. In addition, the vacuum expectation value of the 
energy-momentum tensor acts as a source of gravity in the Einstein equations and, hence, plays 
an important role in modelling self-consistent dynamics involving the gravitational field. We 
have organized the paper as follows. In the next section we consider the plane wave fermionic 
eigenfunctions for the problem under consideration. In sections [3] and [4] these eigenfunctions are 
used for the evaluation of the fermionic condensate and the vacuum expectation values of the 
energy-momentum tensor. The behavior of these quantities is investigated in various asymptotic 
regions of the parameters. In section [5l a fermionic field with antiperiodiciy conditions along 
the compactified dimensions (twisted field) is considered. The last section contains a summary 
of the work. 



2 Plane wave eigenspinors in de Sitter spacetime with compact 
spatial dimensions 

The dynamics of a massive fermionic field in curved spacetime with the metric tensor g^ v is 
governed by the Dirac equation 

i^V^tp - rntp = , (1) 
with the covariant derivative operator 



v M = + . (2) 

» 



Here 7^ = e^^W are the Dirac matrices in curved spacetime and is the spin connection 



given in terms of the flat space Dirac matrices by the relation 

r„ = \l {a h (b) e\ a) e {b)u ,, . (3) 

Note that in this formula ; means the standard covariant derivative for vector fields. In the 
2^ is the tetrad field satisfying the relation e^e^? 
time metric te 
be taken in the standard form 



equations above is the tetrad field satisfying the relation ^ a ^^rj ab = g^ u , where rf h is the 
Minkowski spacetime metric tensor. In the discussion below the flat space Dirac matrices will 



7 <o)^J °°y - = 1,2,3. ( 4) 

with 0i, 02, 03 being the Pauli matrices. 

We consider a quantum fermionic field on background of 4-dimensional de Sitter spacetime 
described by the line element 

ds 2 = dt 2 -e 2t / a J2(dz i ) 2 , (5) 

8=1 

and having spatial topology W x (S 1 ) 9 , p + q = 3. The Ricci scalar and the corresponding 
cosmological constant are related to the parameter a in the expression for the scale factor by 
the formulae 

R = 12/a 2 , A = 3/a 2 . (6) 

For the further discussion, in addition to the synchronous time coordinate t it is convenient to 
introduce the conformal time r in accordance with 

T = -ae~ t/a , -00 < r < 0. (7) 
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In terms of this coordinate the line element takes the conformally flat form: 

3 

ds 2 = (a/T) 2 [dT 2 -J2( dzi f]- (8) 

i=\ 

One of the characteristic features of field theory on backgrounds with non-trivial topology is 
the appearance of inequivalent types of fields with the same spin [33]. In particular, for fermion 
fields the boundary conditions along the compactified dimensions can be either periodic (un- 
twisted field) or antiperiodic (twisted field). In this section we consider the field with periodicity 
conditions (no summation over I): 

ip(t,z p ,z g + Liei) = ip(t,z p ,z q ), (9) 

where z p = (z 1 , . . . , z p ) and z q = (z p+1 , . . . , z 3 ) are the position vectors along uncompactified 
and compactified dimensions, e; is the unit vector in the direction of the coordinate z l with the 
length Li, sC z l < L x . The case of a fermionic field with antiperiodicity conditions will be 
discussed in section (5) The compactification of the spatial dimensions leads to the modification 
of the spectrum for zero point fluctuations of the fermionic field and as a result to change of the 
vacuum expectation values (VEVs) of physical observables. This is the well-known topological 
Casimir effect. 

Among the most important quantities describing both local and global properties of the 
vacuum are the fermionic condensate and the VEV of the energy-momentum tensor. In order 
to evaluate these VEVs we expand the field operator in terms of a complete set of positive and 
negative frequency eigenspinors {ipp,ipB 

p 

where ap is the annihilation operator for particles, and hit is the creation operator for antipar- 
ticles. The collective index (3 specifies the eigenfunctions. Next, we substitute expansion ([10]) 
and the similar expansion for the Dirac adjoint operator = ■0 + 7° into the expressions for the 
bilinear product tpip and the energy-momentum tensor, 

T^J} = ^{h^^ ~ (V(^h„)$ • (11) 

By making use of the standard anticommutation relations for the annihilation and creation 
operators, one finds the following mode-sum formulae 

(0|^|0) = ^^(x^Or), (12) 

P 

<0|T^|0> = ^^{^(xjiHW} , (13) 

13 

where |0) is the amplitude for the vacuum state. 

In order to find the form of the fermionic eigenfunctions for the geometry under consideration, 
we choose the basis tetrad in the form 

eP=$, ei°W /o <52, a =1,2, 3. (14) 
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By using Eq. (|14|) . for the components of the spin connection and for the combination appearing 
in the Dirac equation we find 

r, = ^>V\ 1 = 1,2,3, 

la 

r = o, 7 ^ = A 7 (o). (15) 

In accordance with the symmetry of the problem under consideration the spatial part of the 
eigenfunctions can be taken in the standard plane wave form e ±jkr , where k is the wave vector 
and the upper/lower sign corresponds to the positive/negative frequency solutions. We will 
decompose the wave vector into the components along the uncomcatified and compactified di- 
mensions, k=(k p ,k (? ). For a spinor field with periodicity conditions along the compactified 
dimensions one has 

k g = (2-Kn p+1 /L p+1 , 2-Kn 3 /L 3 ), (16) 

with n p+ i, . . . ,«3 = 0, dbl, ±2, .... 

By taking into account formulae (|15p . from equation (JTJ) for the positive frequency solutions 
one finds 

7 (0) 3t + ie~ t/a (k ■ 7) + 3 7 (0) /2a + im\ if) = 0, (17) 

where 7 = (7 1 ,7 2 ,7 2 ). Further, we write the four-component spinor fields in terms of two- 
component ones as 

^=f! + V as) 



From equation (I17p one finds the set of two first order differential equations for the functions 

cp±: 

(r]d v — 3/2 =F iam) ip± — irjQs. ■ cr)(p T = 0, (19) 
where a = (07, 2 , 03) and we have introduced a new independent variable 77 in accordance with 



77 = ae 



~ t/a , < rj < 00. (20) 



In accordance with (|7|) one has the simple relation 77 = — r between this variable and the 
conformal time (note that we are still working in the coordinate system defined by Eq. ([5])). 
Eqs. (|19p lead to the following second order differential equations for the separate functions: 

(r/ 2 <9 2 - 3r]d v + k 2 rf + a 2 m 2 ± iam + 15/4) ip± = 0, (21) 

where 

k = |k| = y^ + k 2 . (22) 

The solutions of equations (|2ip for the functions (p± are linear combinations of the functions 
rj 2 1 H^y 2 _ iam (kri) and r / 2 -f^±i/2-jam(^ r ?)' w ith H^' 2 \x) being the Hankel functions. Different 
choices of the coefficients in these linear combinations correspond to different choices of the 
vacuum state. We will consider de Sitter invariant Bunch-Davies vacuum [28] for which the 



(2) 

coefficients of the part containing the functions H^_y 2 _ iam {krj) are zero. Hence, for a fermionic 
field in the Bunch-Davies vacuum the solutions to Eqs. (|2ip are the functions 



^H^Jkr,), = "^ (c) (n • a)r, 2 H% 2 _ iam {k V ), (23) 



where (p^ is an arbitrary constant spinor, n = k//c, and we have used Eq. (|19p with the upper 
sign to express the function </?_ through the function ip + . 
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On the base of solutions (|23p we can construct the positive frequency solutions to the Dirac 
equation in the form (for the analog flat spacetime construction see, for instance, |34j ) 



1/2— lam^ <l 

-i(n-a)H^ /n . (kri)w^ 

v ' — 1/2— iom^ '/ 



4 +) =V^ , M I. (24) 



where a = ±1/2, (3 = (k, a), and 



In the similar way, for the negative frequency solutions we find 



with = 2iaw^\ 

The normalization coefficient Ap is determined from the orthonormalization condition 

d 3 x ^f + ^' ] = SppSw, A, A' = ±, (27) 

with 7 being the determinant of the spatial metric. On the right of this condition Sqri is 
understood as the Dirac delta function for continuous indices and the Kronecker delta for discrete 
ones. By making use of the Wronskian relation for the Hankel functions, one finds 

A P = 2P+^P~W q a^ (28) 

where V q = L p+ \ ■ ■ ■ L3 is the volume of the compactified subspace. For a massless fermionic 
field we have the standard conformal relation V4 = (^/a0 3 ^ 2 V4 between eigenspinors (|24|) . 
(|26p defining the Bunch-Davies vacuum in dS spacetime and the corresponding eigenspinors 



^0M)(±) £ Qr ^ e Minkowski spacetime with spatial topology R p x (S 1 ) 9 . Note that the plane wave 
eigenspinors of the type (|24j) and ([26]) in uncompactified dS spacetime have been considered 
recently in Ref. [35] . 

3 Fermionic condensate 



Substituting the eigenfunctions (|26p into the mode-sum formula (|12p . for the fermionic conden- 
sate in dS spacetime with spatial topology R p x (S 1 ) 9 one finds 



2P 7T P/ 2 - 1 r{p/2)V q a : 



poo " x 

/ dkp hp ^ h 
Jo „ 



n Q =— 00 



H 



(i) 





(kii)E y *\ (krj)-H\ l0 

l/2-iam> 11 -l/2+iom v 11 1/2— lam 



(29) 



where 



E = E •• E 

n q =— oo n V J r \=— oo 713=— oo 



(30) 
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The VEV given by formula (|29p is divergent and needs some regularization procedure. To make 
it finite we can introduce a cut-off function (f\(k) with the cut-off parameter A, which decreases 
sufficiently fast with increasing k and satisfies the condition f\(k) — * 1, for A —* 0. As a next 
step we apply to the series over n p+ \ the Abel-Plana summation formula [TOl [36] 

E' fin) = r dx f(x) + iTdx f{lX) ~ x n ~ lX \ (31) 
n=o Jo Jo e -1 

where the prime means that the term n = should be halved. The term in the VEV with 
the first integral in the right hand side of Eq. (|31|) corresponds to the fermionic condensate 
in dS spacetime with topology R p+1 x (S 1 ) 9-1 . As a result, the condensate is presented in the 
decomposed form 

(ip^) P ,q = + A p+iWW (32) 

where the term 



Im [tf 1/2 

—icon {V%)Il/2+iam 

(rjx)] 



lx 2 +kl+kl 



(33) 



X 2 + kj + ^2 _ i ( e ^ +i V^ ^—,-1 _ 1 



is induced by the compactness of the (p+ l)th dimension. In Eq. ([33]) . /^(x) and K u (x) are the 
Bessel modified functions, V 9 _i = L p +2 • ■ ■ L$, and 

= E (WA) a - (34) 

«=p+2 



Note that the expression on the right of formula (|33h is finite and we have safely removed the 
cut-off function. Of course, we could expect the finiteness of the topological part as the toroidal 
compactification does not change the local geometry and, hence, the structure of the divergences 
is the same as in uncompactified dS spacetime. 

An alternative form for the topological part of the fermionic condensate is obtained expanding 
the function l/(e y — 1) in the integrand and explicitly integrating over k p . This leads to the 
result 



Im [K 1/2 _ iam (r]x)I 1/2+iam (rix)] 



2 



where we have introduced the notation 



f v {x)=x v K v {x). (36) 

As it follows from formula (|35p . for a massless spinor field the topological part of the fermionic 
condensate vanishes. From this formula we also see that the topological part depends on the 
variable r\ and the length scales L/ in the combinations Li/rj. Noting that a(rj)Li is the comoving 
length with a{rf) = a/rj being the scale factor, we conclude that the topological part of the 
fermionic condensate is a function of comoving lengths of the compactified dimensions. When 
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the length of one of the compactified dimensions is large, L[ — ► oo, I ^ p+2, the main contribution 
into the sum over ni in (|35p comes from large values of n\ and we can replace the summation 
by the integration. The corresponding integral can be evaluated by using the formula [37] 

'dzf (p _ iy2 (aV^) = ^^^, (37) 

and from Eq. (|35 j) the formula is obtained for topology R p+1 x (S 1 ) 9-1 . 

On the base of the recurrence relation (|32[) the fermionic condensate can be decomposed as 

= (V^) d s + {H)c (38) 
where the first term on the right is the condensate in uncompactified dS spacetime and the part 

(^) C = ^A 4 _^) 3 _ M , (39) 
i=i 

is induced by the non-trivial spatial topology. 

Now we turn to the investigation of the topological part in the asymptotic regions of the 
parameters. First let us consider the limit L p+ \/r] <C 1. This corresponds to the limit when 
the comoving length of the (p + l)th direction is much smaller than the dS curvature radius: 
a(r])L p+ i -C a. Introducing a new integration variable y = L p+ ix and by taking into account 
that for large values of u one has 

(XTfl 

lm[Iy 2 +iam(u)K 1/2 _ iam (u)) ~ (40) 

for the leading term in the asymptotic expansion of the fermionic condensate we find 
A 11 i\ ~ 8(r]/a) 2 m ^ £^ f P /2(nL p+1 k n ) 

A p+1 m M *- . ^ ^ , L p+1 / V «l. (41) 

Hence, in the limit under consideration the topological part is negative. As due to the maximal 
symmetry of the dS spacetime the part (tpifj)ds i n the fermionic condensate is time- independent, 
we conclude that in this limit the topological part dominates. Taking into account the relation 
between rj and the synchronous time coordinate, we see that formula (|4ip describes the asymp- 
totic behavior in the early stages of the cosmological expansion corresponding to t — » — oo. 

In the opposite limit, when rj/L p+ i -C 1, we again introduce the new integration variable 
y = L p+ \x. By making use of the formulae for the Bessel modified functions for small values of 
the arguments, to the leading order we obtain 

2 3 -P/ 2 aB e- 4t/a 

\+l(ipip)p, q « , , n/9rP+lir — -sin[2mt - 2am\n(a / L p+l ) - </> ], (42) 

■K\P+ l )l z L p+l V q cosh(am7r) 

where Bq and 4>q are defined by the relation 

r> i<Po = 2- %am ^ +2^ fp/2+l+iam(nL p+ ik nq _ 1 ) 

T(l/2 + iam)^ ^ nP +2+2iam ■ y °> 

v ' ' n=l n q _i=— oo 

In terms of the synchronous time coordinate this limit corresponds to the late stages of the 
cosmological evolution, t — > +oo. Hence, in the limit when the comoving length of the com- 
pactified dimensions is much larger than the curvature radius of dS spacetime, for a massive 
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fermionic field the topological part oscillates with exponentially decreasing amplitude with re- 
spect to the synchronous time coordinate. Note that the damping factor in the amplitude and 
the oscillation frequency are the same for all terms in the sum on the left hand side of for- 
mula (|39p and, hence, we have the similar oscillating behavior for the total topological term: 
($>ip) c oc e~ u / a sin (2mt + <j) c ). 

In the special case of spatial topology R 2 x S 1 , from general formula (|35p for the topological 
part in the fermionic condensate one finds 



_4r/o_ f dxx 2 Im ^ K 1/2 _ iam (x)I u2 +iam (x)] ln(l-e Lx/v ), 

71 JO 



(44) 



where L = L3 is the length of the compactified dimension. On the left panel of figured] we have 
plotted this quantity for an untwisted fermionic field (dashed curves) as a function of L/r] for 
the values of the parameter am = 0.5, 1 (the numbers near the curves). Writing L/rj = a(r])L/a, 
we see that this ratio is the comoving length of the compactified dimension in units of the dS 
curvature radius. As it follows from the asymptotic formula (|42f) . for large values of the ratio 
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Figure 1: The topological part in the fermionic condensate for periodic (dashed curves) and 
antiperiodic (full curves) spinor fields in dS spacetime with spatial topology R 2 function 
of L/rj = Le t / a /a. The numbers near the curves on the left panel correspond to the values of 
the parameter am. The graphs on the right panel are plotted for am = 4. 

L/rj the topological part behaves like $ip) c ^ (rj/L) 4 " sm[2maln(r]/L) + 4>q\. As in the scale 
of the left panel the oscillations are not well seen, we illustrate this oscillatory behavior on the 
right panel of figure [H where the topological part in the fermionic condensate is plotted for 
an untwisted fermionic field by the dashed curve versus L/rj for am = 4. The first zero with 
respect to L/rj and the distance between neighbor zeros decrease with increasing values of the 
parameter am. 

4 Energy-momentum tensor 

Now we turn to the investigation of the one-loop topological effects in the VEV of the energy- 
momentum tensor for a fermionic field with periodic boundary conditions. Substituting the 
eigenfunctions (|26|) into the mode-sum formula (fl~3j) , for the energy density and vacuum stresses 
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we find (no summation over /) 
2-f> r? 5„,-4 



xRe ifj/L- (kv)H { J /0 ^ (km) -H {1 L OJ _. (kn)m 2 )' (kn) , (45) 

ol — p 5 —4 />oo H-oo 

( ° |T/|0) = «P/^T(p/2)V q J dkpk "~ l S ^M^vUm (^)< +iQm (^)] 5 (46) 
with / = 1,2,3, and the off-diagonal components vanish. For a massless field, by using the 

(1 2) 

expressions for the functions Hj_L (x), we have the formula 

{OlTtl ° ) = W0-J dkp % \^g(~k\klklkl). (47) 

It can be easily seen that the expression on the right of this formula coincides with the leading 
term in the expansion of (0|T/|0) for a massive field in the limit r\ — » oo. Note that this limit 
corresponds to the adiabatic limit of the slow expansion (for a detailed discussion see |29j). 

As for the case of the fermionic condensate, in order to have finite expressions we will assume 
that in expressions f)45[) . (|46p a cut-off function is introduced. By using the Abel-Plana formula, 
the VEV of the energy-momentum tensor is presented in the decomposed form 

{T{) P ,q = (T k )p+i, q -i + A p+ i(Tl) Ptq . (48) 

In this formula, (Tt) p +i q -\ is the VEV of the energy-momentum tensor for the topology R p+1 x 
(S 1 ) 9-1 and the part A p+ i (T][)p i9 is due to the compactness of the (p + l)th dimension. The 
latter is given by the formula (no summation over I) 

2 2 -Va~ 4 f°° .„ i ^ 



(49) 



n q _i=— oo 

zh^(z)F^{ V z) 



with the notations 

fc(0)( z ) = _^ h (l) {z) = k 2 /p ^ / = 1 5 ... )P) 

h^ +l \z) = -( z * + k 2 p + kl q _ i ), h®(z) = kf, Z=p + 2,3. (50) 
In Eq. (f54"|) . to simplify the formulae we have introduced the notations 

F (0) (y) = ^Re [l 1/2+iam (y)l^ /2 _^ (51) 

F{1) = ^V^)-^!/)] ^ (52) 

cosh(am7r) 

The topological parts are finite and we have removed the cut-off functions in the corresponding 
expressions. Note that the following relations take place between the functions F^ l '(y) and the 
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corresponding function appearing in the formula for the fermionic condensate: 

F(°)(y) = - F ^\y)-^Im[Ky^ iarn (y)I 1/2+iam (y)], 

d y [yF^\y)] = -^Im [K 1/2 _ iam (y)I 1/2+iam (y)] . (53) 

Similar to the case of the fermionic condensate, the alternative form for the topological parts 
is obtained expanding the integrand in Eq. ([4"9]) and explicitly evaluating the integral over k p : 

A ^< T />™ = (^T)7n7-E E /„ dxx 



q 1 n=ln q _i = 



F( l )(rjx) 



where 



X (L p+ ^ f v ){nLp+1 V x2 + ( 54 ) 



fp 0) (y) = -(nL p+ ix) 2 f {p _ 1)/2 (y), 

= /( P +i)/ 2 (y), i = i,...,p, 

4 p+1) (y) = -b/ (P+ i)/2(y) + y 2 / (P -i)/2(y)], (55) 

fP(y) = kf(nL p+1 ) 2 f (p ^ l)/2 (y), Z = p + 2, . . . , 3. 



Note that we have the relation 



E4°(y) = 4 0) (y)- ( 56 ) 



By using Eqs. ([53]) . ([56]) . we can see that the topological parts satisfy the standard trace relation 

\+i( T !) P ,q = (57) 

As an additional check of our calculations we can also see that the topological parts obey the 
continuity equation (A p+ i (Thp,q). k = 0, which for the geometry under consideration takes the 
form 

( V d v - 4) A P+1 (T V + A p+ x(T}) M = 0. (58) 

This relation is proved by using formulae ([53]) . ([56]) and ([57]) , 

From formulae (|53p the relation yF^\y) = — (y 2 F^(y))' is easily obtained. By making use 
of this relation and integrating by parts the expression (|54p for I = 1, it can be seen that one 
has the relation (no summation over I) 

A p+1 (Tl) M = A p+1 (T °) Pi(/ , l = l,...p, (59) 

between the energy density and the vacuum stresses along the uncompactified dimensions. In 
deriving ([59]) we have also used the formula f' v {z) = —zf v _\ which simply follows from well- 
known properties of the function K u {z). Hence, in the uncompactified subspace the equation 
of state for the topological part of the energy-momentum tensor is of the cosmological constant 
type. Note that the topological parts are time-dependent and they break the dS symmetry. 

After the repetitive application of the recurrence formula (|48p . the VEV of the energy- 
momentum tensor for the topology R p x (S 1 ) 9 is presented in the form 

(T?) m = (TfU + (Tt)c (Tt)c = J2 A *-l( T l k h-l,l> ( 6 °) 

i=i 
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where (Tf)^ is the VEV in the uncompactified dS spacetime and is the topological part. 

As the Bunch-Davies vacuum is dS invariant, the energy-momentum tensor (T; fc )dS corresponds 
to a gravitational source of the cosmological constant type. In particular, combining with the 
initial cosmological constant A, one-loop effects in uncompactified dS spacetime lead to the 
effective cosmological constant A c g = A + 8itG(Tq )dSi where G is the Newton's gravitational 
constant. 

For a massless fermionic field, by using the expressions for the functions J± 1 / 2 (y), Ki/ 2 (y), 
we see that 

F<®(y) = -l/y, fM( V ) = 2/vry, m = 0. (61) 
Now the integration over x in (|54p is done explicitly and one finds (no summation over I) 

A irrh - W") 4 v g? ) (wLp+ifc ng _ 1 ) 

(Z^/ ^Vl n=ln,_i=-oo 



with the notations 



£%) = 9$ ] (y) = f P /2 + i(y), i = i,...,p, 



9\ 

i p+1) (y) = -(p + i)fp/2 + i(y)-y 2 f P /2(y), (63) 

gg\y) = (nLp+tktff^iy), Z = p + 2,...,3. 

Note that in this case the problem under consideration is conformally related to the correspond- 
ing problem in the Minkowski spacetime with spatial topology R p x (S 1 ) 9 and formula (|62p is 
obtained from the relation Ap + i(T/) P)IJ = a~ A (r])A p+ i(T,-) p ^ l \ with a(rj) = a/rj being the scale 
factor. Of course, this relation is valid for general case of the scale factor a{rj). Comparing 
expression (|62p with the corresponding formula from [25] for a conformally coupled massless 
scalar field, we see that the following relation takes place: &. p+ i(T l k ) p ^ q = — 4A p+ i(T^,)p^ alar ^. 
The latter is a simple generalization of the corresponding topologically non-trivial flat spacetime 
result (see, for instance, [32]). In curved backgrounds this relation between the topological parts 
of the fermionic and scalar energy-momentum tensors is not valid for a minimally coupled scalar 
field. 

Let us consider the behavior of the vacuum energy-momentum tensor in the asymptotic re- 
gions of the parameters. In the limit L p+ i/r] <C 1, corresponding to small values of the comoving 
length a(r])L p+ i with respect to the dS curvature radius, we introduce a new integration variable 
y = L p+ \x in Eq. (f54"|) and expand the functions (rjy / L p+ \) . By taking into account that 
for large values z to the leading order 

F(°\z) w -1/z, fW(z) w 2/ttz, z » 1, (64) 

we see that in this order the topological part in the VEV of the energy-momentum tensor 
coincides with that for a massless field given by formula (|62p . In particular, the topological part 
of the vacuum energy density is negative. Note that the limit under consideration corresponds 
to the early stages of the cosmological evolution, t — > — oo. In this limit the topological parts in 
the VEVs of the energy-momentum tensors for periodic scalar and fermionic fields have opposite 
signs. 

For small values of the ratio rj/L p+ i, when the comoving length a{rj)L p+ i is larger that the 
dS curvature radius, after introducing the new integration variable y = L p+ ix, we see that 
the argument of the functions F^ {rjy / L p+ \) is small. By making use of the formulae for the 
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Bessel modified functions for small arguments, in the leading order we obtain the formula (no 
summation over I) 

2 2-p/2 B e -4t/a 

\+i( T i) P ,q ~ ; TWl^Tr tP+ i —, -cos[2mt - 2am\n(a/ L p+l ) - 0,]. (65) 

nW+ 1 )/ 2 V q Lp+ 1 cosh(am7r) 



Here Bq, 4>q are defined by relation (03]), B\ = Bq, 4>[ = 4>q for I = l,...,p, and Bi, <fti, 
I = p + 1, . . . , 3, are defined by 

• ) ir.tn x +°° 1 

o _ f v V 



r(l/2 -Ham) ^ ^ n p+2+2iam 
' n=l n q _i=— oo 



[(p + 1 + 2iam)f p/2+1+iam (x) + x 2 / P / 2 (66) 



'9-1 



r.-iam 00 +°° f , (r>T ,,h \ 

Bte^ = -r4 T (L p+1 fc0 2 /p/2+mm( !7 +1 " g - J , (67) 

T(l 2 + iam) ^ ^ y p+ ' nP +2iam ' v ; 

v ' ' n=l n q _i=— oo 

and in the last formula I = p + 2, . . . , 3. Note that if the lengths of the compactified dimensions 
are the same the quantities Bi, <f>i do not depend on the compactification length. Formula 
(|65|) describes the asymptotic behavior of the topological part in the late stages of cosmological 
evolution which in terms of the synchronous time coordinate correspond to the limit t — > +oo. 
As we see, in this limit the behavior of the topological part in the VEV of the energy-momentum 
tensor for a massive spinor field is damping oscillatory. This type of oscillations are absent in 
the case of a massless field when the topological parts behave like e~ u / a . For a massive field the 
damping factor in the amplitude and the oscillation frequency are the same for all terms in the 
sum of Eq. (|60p and the total topological term behaves like (7] fc ) c oc e _4t//Q cos (2mt + (j)' c ). As 
the vacuum energy-momentum tensor for uncompactified dS spacetime is time-independent, we 
have similar damping oscillations in the total energy-momentum tensor (T*)<js + {T[) c a s well. 

The general formulae for the topological part in the VEV of the energy-momentum tensor 
are further simplified in the special case of topology R 2 x S 1 . For this case the functions fp\x) 
are expressed in terms of exponentials and after the summation over n we find (no summation 
over I) 



7TO 



(68) 



o 



with L = L% being the length of the compactified dimension. In Eq. (|68|) the following notations 
are introduced 

G (y) = y 2 m(l-e-*0, 

Gi{y) = G 2 {y) = 2/Li 2 (e^) + Li 3 (e^), (69) 
G 3 (y) = G (l/)-2Gi(y), 

and \A n (z) = J2T=i zk /k n 1S the polylogarithm function. For a massless fermionic field we have 

<^> c = ^(^) 4 diag(l,l,l,-3). (70) 

In figure [2] by the dashed curves we have presented the dependence of the topological part 
in the VEV of the energy- momentum tensor (|68p on the ratio L/77 for an untwisted fermionic 
field in the case of topology R 2 x S . The numbers near the curves correspond to the values 
of the index I. Note that, as we have seen above, the stresses along uncompactified dimensions 
(I = 1,2) coincide with the energy density. 
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Figure 2: The topological parts in the VEV of the energy density (I = 0) and the stress along 
the compactified dimension (I = 3) for periodic (dashed curves) and antiperiodic (full curves) 
spinor fields in dS spacetime with spatial topology R 2 x S 1 as functions of L/rj = Le t ^ a /a. The 
numbers near the curves correspond to the values of the index I. The vacuum stresses along the 
uncompactified dimensions are equal to the energy density. For the left panel am = 0.25 and 
for the right one am = 1. 

As it has been shown before, for a massive field the topological part oscillates for large values 
of L/rj. For an untwisted fermionic field this is shown separately in figure EJ where the energy 
density (I = 0) is plotted by the dashed curve for the value of the parameter am = 4. As in 
the case of the fermionic condensate, the first zero and the distance between the neighbor zeros 
decrease with increasing am. 

5 Spinor field with antiperiodicity conditions 

In this section we consider the spinor field satisfying the antiperiodicity condition along the 
compactified dimensions 

ip(t, z p , z q + Liei) = -ip(t, z p , z q ). (71) 

The corresponding eigenfunctions are given by formulae (|24p . (|26p . where now the wave vector 
along the compactified diemnsions is given by the formula 

k 9 = {ir(2n p+1 + 1)/L p+1 , vr(2n 3 + 1)/L 3 ), (72) 

and n.p+i,...,7i3 = 0,±1,±2, .... The fermionic condensate and the VEV of the energy- 
momentum tensor are still given by formulae (|45p . (|46p with 

3 

k 2 = k 2 p + H2 ni + 1)/L{\ 2 . (73) 
i=p+i 

Further, we apply to the series over n p +i the Abel-Plana formula in the form [X0|. [36] 

E f(n + 1/2) = r dx f{x) - l [ C °d X f{lX) p ~J}~ lX) ■ (74) 
n=0 Jo Jo e +1 
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Figure 3: The topological parts in the VEV of the energy density for periodic (dashed curve) 
and antiperiodic (full curves) spinor fields in dS spacetime with spatial topology R 2 x S 1 as 
functions of L/rj. The graphs are plotted for the value of the parameter am = 4. 



As a result, the topological part in the fermionic condensate is presented in the form (I32p . where 
now the part induced by the compactness of the (p + l)th direction is given by the formula 

i fcq — ]_ — — mj 

I™ [K 1 /2^i a m(Vz)Il/2+iam(Vz)} 

with the notation 

3 

i=p+2 

Expanding the integrand and performing the integration over k p , this part can also be presented 
in the form 

S2r? 4 n<- 3 °° + °° f°° 

A v+ i(M) V0 = — ^ ^V(-l) n V / dxx 2 



n q -i=— oo 



(2vr)( P +3)/ 2y9L P- £j 
Im [K 1/2 



-i 



f( P -i)/2(nL p+1 Jx 2 + kl q _ 1 ), (77) 



where the function f u {y) is defined by Eq. (f36l) . For a massless field the topological part 
vanishes. Having the parts induced by separate compact dimensions we can decompose the 
fermionic condensate as given in Eqs. (I38p . (|39p . 

General formula ([77|) is simplified in the special case of topology R 2 x S : 



W)c = dx^Jm [Ki/2-iam(x)I l/2+iom (x)] ln(l + e" L ^), (78) 

where L is the length of the compact direction. On the left panel of figure Q] by full curves we 
have plotted the dependence of this quantity on the ratio L/rj. The numbers near the curves 
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correspond to the values of the parameter am. The full curve on the right panel of figure [T] shows 
the oscillatory behavior of the fermionic condensate for a twisted field. The curve is plotted for 
the value am = 4. 

In the similar way, for the topological parts in the VEV of the energy-momentum tensor we 
find the formula (no summation over I) 

4„5 -4 00 +°° roo 

= (WS H, 'JJ * 

F®0nx) 

XX 



F/^CnLp+i^ + ^J. (79) 



Hence, in the case of a fermionic field with antiperiodicity conditions the formulae for the 
topological parts in the VEVs are obtained from those for the field with periodicity conditions 
inserting the factor (—1)™ in the summation over n and replacing the definition for _ x by 
(176 j) . Note that, as in the case of periodic boundary conditions, we have relation (|59h between 
the energy density and the vacuum stresses along the uncompactified dimensions. 

For the case of topology R 2 x S 1 , in the way similar to that for periodic field, the formulae 
(|79p are simplified giving (no summation over I) 

(T{)c = f°° dxxF^(x)G^\Lx/ n ), (80) 

7TO 4 Jq 



with the notations 



Gf w) (y)=y 2 ln(l + e^), 

G; tw) (y)=yLi 2 (-e^)+Li 3 (-e-^, 1 = 1,2, (81) 
G^\y)=Gt ) (y)-2Gi tw \y). 



For a massless field we have the result 
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In figure [2] (full curves) the topological part in the VEV of the energy-momentum tensor (j80|) 
for a twisted fermionic field is plotted versus L/rj. The numbers near the curves correspond to 
the values of the index I. As it has been shown before, for a massive field the topological parts 
oscillate for large values of L/rj. The oscillations of the topological part in the energy density as 
a function of L/r) are illustrated in figure [3] by the full curve plotted for the value of parameter 
am = 4. 



6 Conclusion 

Motivated by the importance of compactified dimensions in physical models and continuing our 
work [22\ I25j. in the present paper we have investigated the fermionic condensate and the VEV 
of the energy-momentum tensor for a massive fermionic field in dS spacetime with toroidally 
compactified spatial dimensions. In order to evaluate the corresponding mode-sums we need 
the eigenspinors satisfying appropriate boundary conditions along the compactified dimensions. 
For a fermionic field with periodicity conditions these eigenspinors are constructed in section 
[2] and are given by formulae (|24p . (|26p . Choosing these functions we have assumed that the 
field is in the Bunch-Davies vacuum state. The application of the Abel-Plana formula allows 
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us to present the VEVs for the spatial topology W x (S 1 ) 9 as the sum of the corresponding 
quantity in the topology R p+1 x (S 1 ) 9-1 and of the part which is induced by the compactness of 
(p + l)th dimension. The latter is finite and in this way the renormalization is reduced to that 
for the uncompactified dS spacetime. In the case of an untwisted field the topological parts in 
the fermionic condensate and in the VEV of the energy-momentum tensor are given by formulae 
([35]) , ([5%]) . The parts induced by the non-trivial topology are time-dependent and breake the dS 
symmetry. The corresponding vacuum stresses along the uncompactified dimensions coincide 
with the energy density and, hence, in the uncompactified subspace the equation of state for 
the topological part of the energy-momentum tensor is of the cosmological constant type. As an 
additional check of the formulae, we have shown that the topological parts satisfy trace relation 
(I57p and the covariant continuity equation (158j) . For a massless fermionic field the problem under 
consideration is conformally related to the corresponding problem in the Minkowski spacetime 
with spatial topology W x (S 1 ) 9 and the fermionic condensate vanishes. In this case we have 
the relation {T l k ) c = a~ 4 (?7)(T^)c M ^ between the topological contributions in the VEV of the 
energy-momentum tensor (see formula ()62|) ) . For a massless field the topological part in the 
VEV of the fermionic energy-momentum tensor differs from the corresponding quantity for a 
conformally coupled massless scalar field by an additional factor -4. 

For the case of a massive field the general formulae are simplified in the asymptotic regions 
of the parameters. In the limit when the comoving length of a compactified dimension is much 
smaller than the dS curvature radius, L p+ \/rj <C 1, for an untwisted field to the leading order 
the topological part in the fermionic condensate is given by formula (I4ip and is negative. In 
the same limit, the topological part in the VEV of the energy-momentum tensor coincides with 
the corresponding quantity for a massless field and is conformally related to the corresponding 
VEV in toroidally compactified Minkowski spacetime. In particular, the vacuum energy density 
is negative. This limit corresponds to the early stages of the cosmological evolution and the 
topological parts dominate over the uncompactified dS parts. In the opposite limit, when the 
comoving lengths of the compactified dimensions are large with respect to the dS curvature 
radius, L p+ i/rj S> 1, in the case of a massive field the asymptotic behavior of the topological 
parts is damping oscillatory for both fermionic condensate and the energy-momentum tensor 
and to the leading order is given by formulae (|42p . (|65p . These formulae describe the behavior 
of the topological parts in the late stages of the cosmological expansion. As the uncompactified 
dS parts are time-independent, we have similar oscillations in the total VEVs as well. Note that 
this type of oscillatory behavior is absent for a massless fermionic field. 

In section [5] we have considered a fermionic field with antiperiodicity conditions along the 
compactified dimensions. In this case the topological parts in the fermionic condensate and the 
VEV of the energy- momentum tensor are given by formulae (I77p . (I79p . The asymptotic expres- 
sions for these VEVs in the early and late stages of the cosmological expansion are obtained from 
the corresponding formulae for an untwisted field inserting the factor (— l) n in the summation 
over n and defining fc^_ 1 in accordance with Eq. (|76p . The features in the behavior of the 
topological VEVs we have illustrated in figures [TJ{3] for both untwisted and twisted fermionic 
fields in the case of spatial topology R 2 x S 1 . For this topology the general expressions are 
further simplified to formulae flS}, (EHJ) , dZHJ), j| . 
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